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Abstract. In this present article, we establish new subclasses of analytic univalent functions defined by a differential operator
associated with generalized q-Mittag-Leffler function. Further, we obtain coefficient theorems, extremal properties, radius of
starlikeness, radius of convexity, radius of close-to-convexity, closure theorems for these classes.

INTRODUCTION

Let <7 be the class of analytic functions given by
f@)=z+Y a2 (1)
n=2

in the open unit disc % = {z € C : |z| < 1} with normalization f(0) = 0 and f’(0) = 1. Let .# be the subclass of .7
having functions of the form (1) which are univalent %/. Let T be the subclass of .# consisting all functions from .&
those who have negative coefficients which is given by

f(Z):Z*ZanZn an>0,z2€%. 2)
n=2

This class was earlier studied by Silverman [1].
Now, if f(z) and h(z) belong to the class .7 then the convolution of f(z) and k(z) is denoted by f*h and is given by

frxh=hxf=z+ Zanbnzn
n=2

where,
f@)=z+ ¥ and", h(z) =2+ ¥ bu2".
n=2 n=2
The Mittag-Leffler function %5 (z) was introduced by Mittag-Leffler [2] and it is given by

n

%(Z)Zi :

nzom, G,ZEC,ER(G)>0,

where " is Gamma function.
Wiman [3] introduced following generalized Mittag-Leffler function

n

Aoy 5(2) = ;m 6,8,2€ C,R(c) > 0,R(8) > 0.

Prabhakar introduced [4] the following function

(Z)ﬂ Z'n
T
/615(1)—}0 ( 5’ 0,6,7,2€ C,R(0) > 0,R(d) >0,R(7) > 0.
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Later, Shukla and Prajapati [5] defined another generalized Mittag-Leffler function

Z Gn+6 n‘, 0,5,7,2€ C,R(0) > 0,R(8) >0,R(7) >0

where p € (0,1)UN and (7),, denotes the generalized Pochhammer symbol which is in particular reduces to

14
1T (%ﬁ‘l) if peN,
n

r=1

Definition 1. /6] “Let 0 < g < 1, then [n],! denotes the g-factorial, which is defined as follows.

VL nlgln—1]g--- [2]4[1g, n=12,3,-
il =1 -

1-¢" el "
where, [n]g = L =1 +m§l q" and [0], = 0.
Definition 2. [6] “The g-generalized Pochhammer symbol [V]4,,V € C, is given as

[V]gn = [V]g[v+1]g[v+2]g- - [0+n—1],
and the g-gamma function is defined as T'y(v + 1) = [v],I'y(v) and T'y(1) = 1. It follows that T'y(n+1) = [n],!."

In [7] presented a generalized q-Mittag-Leffler function as follows

Tp e~ (T)pn 7
Ho5(20) = ;) T,(on+8)n!’

When g — 17, the above function is generalized Mittag-Leffler function, which is given by Shukla and Prajapati [5].
Now, We define the function

Rg'5(2,q) = 2Ly(8) #,§ (2,q) 3)
and further we define the differential operator %}'(q,0,0,7,p) : &/ — o/ by
73(q,0,8,7,p)f(2) = f(2) * %5 5(2.q)

7(6:0,8.5.0)/(2) = (1-2) (1)« #5(2.)) + A2 (1)« 255 2. 0))

2(q,0,8,7,p)f(z) = 2, (2} '(9,0,8,7,p)f(2)) -
As we have considered that f(z) is given by Equation (2) then the operator 7' becomes,

27(4,6,8,7,p)f(z) =2— ), ¥'(A,q,0,8,T,p)ad" )
n=2

(Dpn-nTg(8) 1
Iylo(n—1)+38] (n—1)!

Definition 3. The function f(z) given by (1) is in the class /%% (q,0,0,7,p, &, B, 1) if it satisfies following in-
equality

where,  ¥"(1,q,0,8,7,p) = A(n—1)+ 1]

(‘@)’{l(q7 o, 6a T,p)f(Z))/ -1
2u((23(¢,0,6,7,p)f(2)) — ] = [(27(¢,0,8,7,p)f(2)) — 1]
where, ©,8,7,2€C, R(c) >0, R(5) >0, R(t)>0,pe (0, )UN,0<g<1,0<A,B,u<1,0<a<]l.
Here, we define %% (q,0,6,7,p, 0, B, 1) = S %5 (q,0,8,7,p, o, B,u)NT.
This present article is followed by techniques used in [8, 9, 10, 11, 13, 14, 15, 16].
In this present paper, we obtain coefficient inequality, extremal properties, radius of starlikeness, radius of convexity,

radius of close to convexity and closure theorems of class .7 %5 (¢,0,6,7,p,a, B, ) by using above differential
operator.

<p &)

Remark 1. For T =1 and p = 1 we obtain the subclasses studied by [14].
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MAIN RESULTS
Theorem 1. A function f(z) given by (1) belong to the class /% (q,0,8,%,p,a, B, 1) if
Y n¥)(A,q,0,8,7,p)[1 +B(2u —1)]las| <2Bp(1-a) 6)
n=2

where, ©,6,7,z€C, R(c) >0, R(5) >0, R(1r)>0,pe(0,1)UN, 0<g<1,0<A,B,u<l,0<a<]l.
Proof. Suppose that the inequality holds and consider |z| = 1, from (5) we have

|(DT(Q767637’p)f(Z)I - 1)| _B |21u [(DT(C],G,S,T,p)f(Z)/ - (X]
—[(D}(q,0,8,7,p)f(z) —1]|

= = 1

Tg(l,q,ﬁ,é,f,p)nanzni _ﬁ

2U [1 - Z ‘P;?(?L,q,d,&r,p)nanz”*l —a]

n=2 n=2

+ Z lPZl(aﬁ q,0, 5; T7P)ndnznfl
n=2

oo

< Z‘Pf(l,q,O',S,T,p)n|an| _B [2“(1 _a) - (2“_ 1) Z‘an(l,q,oy&r,p)nanq
n=2

n=2

< Y [1+BCu— D (A.q,0,8,7.p)nlas —2Bu(1 — ) < 0.

n=2

Theorem 2. A function f(z) given by (2) belong to the class T %% (q,0,0,7,p, &, B, 1) if and only if

Zn‘P;”(A,q,G,(S,T,[))[l-Fﬁ(Z.LL—1)]anSZﬁ.LL(l—(X) @)
n=2

where, 6,6,7,2€ C, R(c)>0,R(8)>0,R(7t)>0,pe (0, )UN,0<g<1,0<A,B,u<1,0<a<]l.
This result is sharp.

Proof. From Theorem 1 it is observed that, we need only to prove the necessity.
Suppose that, f(z) € T %% (q,0,8,7,p,o, B, 1) then

(Dﬁn(qa678717p)f(1)/ —1
Z,LL[(DT(C],G,S,T,p)f(Z)’— (X] — [(DT(C],G,S,T’p)f(Z)]’ — 1]

- Z lPrr:l()Wq? 07 67 T;P)ndnz'“l
n=2

2“(1 - OC) - (2“ - 1) Z IPZl(z’7Q7675aT7p)nanZn_l
n=2

Since, R(z) < |7

¥ W(4,q,0,6,7, p)nay!
R n=2 _ < B (8)
2u(l—a)—(2u—1) ¥ ¥7(1,q.0,8,7,p)nay"""
2

n=

Choose the values of z on the real axis so that [(D(¢,0,8,7,p)f(z)] is real. Upon clearing denominator in (8) and
letting z — 1 through real values, we have

=

Y n¥(A,q,0.8,7,p)[1+B(2u—1)]ay <2Bu(1l - a).
n=2

Hence the proof. 0
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Corollary 1. If f(z) € T#%(q,0,6,7,p, o, B, 1) if and only if

2pu(l—a)
¥ (4,q,0,6,7,p)[1+B(2u—1)]

©))

ap <

and equality holds for the function

_ 2Bu(l—a) .
n¥r(A,q,0,8.T.p)[1+B2u—1)] (10)

fl2)=z
This result is sharp.
Theorem 3. Let fi(z) = z and

zﬁ”(l_a) "
¥ (%9,0,8,%, p) 1+ B — 1]

fn(Z) =Z—

then f(z) € 7% (q,0,8,%,p,a, B, 1) if and only if it can be expressed as

=

fz) = );1 Vafn(2); Va >0, )i Vo= 1.
Proof. Suppose,
f(Z) = Z ann(z)
n=1

. - 2[3[,1(1—()5) n
= Lm0, n )+ BT

Now using Theorem 1, we have

inqul()t,q,G,8,T,p)[l+ﬁ(2[J*1)]‘/ 2[3”(1705)
= 2Bu(l-a) "n¥y(A.q,0,8,7,p)[1+B(2p —1)]

=Y vi=1-v, <L
n=2

Thus, f(z) € 743 (q,0,6,7,p, 0, B, ).
Conversely, let f(z) € T%#5(q,0,6,7T,p, 0, B, 1).
Using (9) and by setting,

i n¥y(4,9,0,8,7.p)[1+B(2u—1)]

ns n 22
n=2 zﬁ.u(lfa)

Vy =

and vi=1— Y v,.
n=2

We have, f(z) = §1 Vo fu(2)- -

n=
Theorem 4. The class T %Y (q,0,0,7,p,a, B, |L) is a convex set.
Proof. Let

=

fk(Z):Z_Zanana ank207k:172
n=2

belongs to the class 7 %% (¢,06,0,7,p, &, B, 1).
Here, it is sufficient to show that, the function

1(z) =0fik)+(1-0)fiz), O0<o<l
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belongs to the class 7 %% (¢q,06,0,7,p, &, B, 1).
Using Theorem 2, we deduce that

=

Y n¥r(A.q.0,8,7,p)[1+B(2u—1)]0an

n=2
+ Y n¥(A,q,06,8,7,p)[1+B(2u—1)](1— 0)an
n=2
< w2Bu(1—a)+ (1- 0)2Bu(1 - )
<2Bu(l-a).
Thus, f(z) € 7%5'(q,0,6,7,p,a,B, 1)
Hence, the class 7 %% (¢,0,0,7,p, o, B, 1) is a convex set. O

Theorem 5. Let the function f(z) given by (2) belongs to the class T %Y (q,06,0,T,p,a, B, 1) then f(2) is close to
convex of order p in the disc |z| < Ry,
where

uprmﬂxﬂ¢x6w4ﬁu+ﬁeﬂlﬂ}”', (1)

R; = inf

! i‘z‘z{ 2Bu(1- )
This result is sharp with extremal function f(z) given by (10).
Proof. Suppose that f(z) € T %5 (q,0,6,7,p,a,B, 1) and f is close to convex function of order p, then we have

If'(z)—1] <1—p. (12)

Indeed we have
1f(@) =1 < Y nanlz]"".
n=2
Thus,

ra-tsiop it ¥ (15 ekt <1 (13

n=2

From Theorem 2, we obtain

y 4 (2.,0,8, % p) 1+ B = Dlan o

n=2 2[3 “(1 - (X)
Equation (12) will be true, if

e e e
n=2 o n=2

2Bu(l—a)
Solving above Inequality for |z|, we obtain
1
1-p)¥"™"(A,q,0,0,7,p)[1+B2u—-1)] 17
MS{( P)E1(2,4,0,8,7,p)[1 +B(2u )1} | s
2Bu(l—a)
Thus, Theorem 5 follows from (15). O

Theorem 6. Let the function f(z) given by (2) belongs to the class T %% (q,0,0,7,p,o, B, 1) then f(z) is starlike
of order p in the disc |z| < Ry,
where

(1—p)n¥y(A,q,0,8,7,p)[1+B(2p — 1)] } (16)

(n—p)2Bu(l — )
This result is sharp with extremal function f(z) given by (10).

Rz = inf{

n>2
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Proof. Suppose, f(z) € T %5 (q,06,0,7,p,0,B, 1) and f is starlike of order p, then we have

zf'(z)
f(2)

— l’ <l-p. a7
Indeed we have

- 1 N n—1
zf/<z>_1’<n§2(” ol

(@)

oo

1— ¥ anlz|™!
n=2

Thus,

if'(z) .. v (n—p et
e 1‘<1 p if g(l_p>anz| <1. (18)

Now, using the fact that f(z) € %5 (¢,0,8,7,p,a,B, 1) if and only if

§: 13,08 5. pI1+ 24~ Dlay

P (1 o) =" "

Equation (17) will be true if

= n_p
n;z(l—p

)anlz|n—1 < i n¥"(X,q,0,0,7,p)[1+B(2u— 1)]%.
n=2

2Bu(l—a)
1.e.
1
(1 7p)nlpg(/l,q,d75,’t,p)[1 +B(2“ 7 1)} T
< (n—p)2Bu(l - ) | 20
Thus, Theorem 6 follows from (20). ]

Theorem 7. Let the function f(z) given by (2) belongs to the class T %% (q,0,8,%,p, o, B, 1) then f(z) is convex of
order p in the disc |z| < R3,
where

R3 = inf

n>2

(1-p)¥(A.q.0,8,7,p)[1 +B(2p— D]\ 7T
{ (n—p)2Bu(l-a) } ‘ @D

This result is sharp with extremal function f(z) given by (10).

Proof. Following same technique of Theorem 6 and using the fact that function f(z) is convex if and only if zf'(z) is
starlike function.

Theorem 8. If

1) =z— Y tnd" (22)
n=2
and
r(x) =z— Y rad" (23)
n=2

are in the class 7 %% (q,6,0,7,p, &, B, 1) then u(z) =z— %(tn +r,)2" is also in the class T %% (q,0,8,7T,p, o, B, 1b).
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PVOOf: Lett(z),r(z) € y%T(q7675771p1a7ﬁ7“)'
Using Theorem 2, we have

oo

Y n¥7(2,4,0,8,7,p)[1+B(2u— Dt < 2Bu(1-a) (24)
n=2
i nq’f(l,q,c,é,r,p)[l +ﬁ(21u' - 1)]7‘,, < 2ﬁ,u(1 - (Z). (25)
n=2

From Equation (24) and (25), we deduce that
1 & m
5 Zznlyn ()’7‘]76’671717)[1 +ﬁ(2“ - 1)](tn+rn) < 2[3,u(1 - Ot).

Thus, u(z) = z— (t, +r,)2" is also in the class %% (q,0,8,T,p, o, B, 11). O
Theorem 9. Fort(z),r(z) € T7%#5(q,0,6,7,p,a, B, 1), the weighted mean

(1—=d)t(z) +(1+d)r(z)
2 )

w;(z) = deN,ze¥ (26)

isin TR (q,0,8,7,p,0, B, 1)

Proof. Let t(z) and r(z) given by Eqaution (22) and (23) belongs to the class 7% (¢,06,0,7,p, &, B, 1t).
Now, we define the weighted mean @, of functions #(z) and r(z) as

w4(z) =z — i (a *d)tn;(l +d)rn

n=2

To show that w; € T %% (q,0,6,7,p, o, B, 1), it is sufficient to show that

=

Y ¥ (1,0.0.8.7,p)[1+ B(2u — 1) [“ L)

n=2

th+(1+d)r,
2

| <2puci-

Consider the left hand side term and using Theorem 2, we deduce that

=

Y i¥(A,q,0.8.7.p)[1 + (2 — 1) [“")

n=2
Y n¥(20,0,8, 7)1+ B2u — IS

n=2

rn+(1+d)rn]
2

In

(1-4d)

* 2

n

U Doputr - )+ 5 Dopur - )
<2Bu(l-a).
Thus, @, (2) € T#5(q,0,8,T,p, 0, B, 1). O

Theorem 10. The function t(z), r(z) € %5 (q,0,0,7,p,a, B, u) then the convolution Y (z) = t(z)*r(z) € THy
(Q76757T7p7a7ﬁ7:u)
if |ra < 1.

n¥(2,q,0,8,7,p)[1+B(2u—1)]
2

n

=

IN

Proof. Assume that #(z) and r(z) given by Eqaution (22) and (23) belongs to the class 7%} (q,0,6,7,p, e, B, 1).
Then, the convolution of #(z) and r(z) is given by

Y(z)=t(2)*r(z) =z— i tarnd".
n=2
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Ifr, <1thent,r, <t, Vn.
Let us consider the term and using Corollary 1, we get

- n‘PZ’(A,q,G,a,T,p)[l +ﬁ(2” — 1)]
L 25l i
o 5 MHE.,0.5. 5l +BCH-1)
n=2

(1) et

Hence, Y (z) € %% (q,0,6,7,p,a,B,10). -

CONCLUSION

Recent years have seen a significant increase in interest in g-calculus because of it’s numerous applications in do-
mains like as mathematical and quantum physics. We defined a new differential operator associated with the general-
ized g-Mittag-Leffler function in the current study. We introduced a new subclass of analytic and univalent functions
TRy (q,0,6,7,p,a, B, ). Using this operator coefficient theorems, extremal properties, radius of starlikeness, ra-
dius of convexity, radius of close-to-convexity, closure theorems for the newly formed class were among the properties
that were examined.
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